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Inner mapping group

Let L be a loop and x € L. We define the left and right
translations of x in L, respectively by:

WL, =2y (YR =yx (y € L)
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Inner mapping group

Let L be a loop and x € L. We define the left and right
translations of x in L, respectively by:

WL =2y (Y)Re =yx (yel)
The multiplication group of L is the set:

MIt(L) =< L;, R, |x € L>
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Inner mapping group

Let L be a loop and x € L. We define the left and right
translations of x in L, respectively by:

WLe =2y (y)Re =y (yeL)
The multiplication group of L is the set:
MIt(L) =< L;, R, |x € L>
The inner mapping group of L is defined by:

Inn(L) = {¢ € MIt(L) | ()¢ = 1}
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Automorphic Loop

A loop L is called automorphic loop, or A-loop, if all elements of
Inn(L) are automorphisms of L.

1Kinyon, Kunen, Phillips, Vojtechovsky; The Structure of Automorphic Loops
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Automorphic Loop

A loop L is called automorphic loop, or A-loop, if all elements of
Inn(L) are automorphisms of L.

In the paper The Structure of Automorphic Loops', the authors
constructed a type of automorphic loop from a group. They called
it generalized dihedral automorphic loop.

1Kinyon, Kunen, Phillips, Vojtechovsky; The Structure of Automorphic Loops
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Generalized Dihedral Automorphic Loop

Let G be a finite abelian group and « € Aut(G). Define
Dih(a, G) = Zs x G with the following operation:

(i,u) * (j,v) == (i + j, ¥ (Y v)) i,j € Zo,u,v € G
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Generalized Dihedral Automorphic Loop

Let G be a finite abelian group and « € Aut(G). Define
Dih(a, G) = Zs x G with the following operation:

(i,u) * (j,v) == (i + j, ¥ (Y v)) i,j € Zo,u,v € G

or, for u,v € G:
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Generalized Dihedral Automorphic Loop

In the same paper 2, the authors proved that Dih(a, G) is an
automorphic loop.

2 The Structure of Automorphic Loops
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Generalized Dihedral Automorphic Loop

In the same paper 2, the authors proved that Dih(a, G) is an
automorphic loop.

It is easy to see that if & = I, then Dih(a, G) is a group, and
vice versa.

2 The Structure of Automorphic Loops
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Generalized Dihedral Automorphic Loop

In the same paper 2, the authors proved that Dih(a, G) is an
automorphic loop.

It is easy to see that if & = I, then Dih(a, G) is a group, and
vice versa.

Also, Dih(a, @) is commutative if, and only if, G has period 2.

2 The Structure of Automorphic Loops
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Half-Isomorphism

Let (L,*) and (L',-) be loops.
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Half-Isomorphism

Let (L,*) and (L',-) be loops.
A half-isomorphism of (L, ) into (L’,-) is a bijection f : L — L'

flxxy) = f(z)- fy)
flxxy) = fly)- f(x)

for all x,y € L.
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Half-Isomorphism

Let (L,*) and (L',-) be loops.
A half-isomorphism of (L, ) into (L’,-) is a bijection f : L — L'
flxxy) = f(x)- f(y)

or
flaxy) = fly)- fz)
for all x,y € L.

A half-isomorphism is trivial if it is either an isomorphism or an
anti-isomorphism.
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Questions

Question 1. Are there non trivial half-isomorphisms between
generalized dihedral automorphic loops?
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Questions

Question 1. Are there non trivial half-isomorphisms between
generalized dihedral automorphic loops?

Yes. Using the software GAP, we found many examples of non
trivial half-isomorphisms between generalized dihedral
automorphic loops of order 6, 8, 10, etc.
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Questions

Question 2. What are the conditions for the existence of a non
trivial half-isomorphism of Dih(a, G) into Dih(B3,G)?
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Questions

Question 2. What are the conditions for the existence of a non
trivial half-isomorphism of Dih(a, G) into Dih(B3,G)?

Question 3. How many non trivial half-isomorphisms does exist of
Dih(«, G) into Dih(8,G)?
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Questions

Question 2. What are the conditions for the existence of a non
trivial half-isomorphism of Dih(a, G) into Dih(B3,G)?

Question 3. How many non trivial half-isomorphisms does exist of
Dih(«, G) into Dih(8,G)?

Question 4. What form do these non trivial half-isomorphisms
take?
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Our Results




Our Results

Lemma 1. Let (L, *),(L',-) be loops and f: L — L’ a
half-isomorphism. If L is commutative, then L is commutative
and f is an isomorphism.
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Our Results

Lemma 1. Let (L, *),(L',-) be loops and f: L — L’ a
half-isomorphism. If L is commutative, then L is commutative
and f is an isomorphism.

Proposition 1. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. If Dih(«, G) or Dih(83,G) is commutative,
then f is an isomorphism.
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Our Results

Lemma 1. Let (L, *),(L',-) be loops and f: L — L’ a
half-isomorphism. If L is commutative, then L is commutative
and f is an isomorphism.

Proposition 1. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. If Dih(«, G) or Dih(83,G) is commutative,
then f is an isomorphism.

From now on we assume that GG does not have period 2.
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Our Results

Lemma 1. Let (L, %), (L’,-) be loops and f: L — L a
half-isomorphism. If L is commutative, then L is commutative
and f is an isomorphism.

Proposition 1. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. If Dih(«, G) or Dih(83,G) is commutative,

then f is an isomorphism.

From now on we assume that GG does not have period 2.

Lemma 2. Let (L, *),(L',-) be A-loops, f: L — L' a
half-isomorphism and x € L such that the order of z, denoted by
o(z), is finite. Then o(f(z)) = o(x).

Giliard Souza dos Anjos Gen. Dihedral A-Loops and its Half-iso. 9/25



Our Results

— Dih(B,G) be a

Proposition 2. Let f : Dih(a, G)
G 0,@G).

half-isomorphism. Then f((0,G))
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Our Results

— Dih(B,G) be a

Proposition 2. Let f : Dih(a, G)
G 0,@G).

half-isomorphism. Then f((0,G))
The sketch of proof:
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Our Results

Proposition 2. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. Then f((0,G)) = (0

The sketch of proof:
Take v € G such that o(u) > 2.

h(5B,
).
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Our Results

Proposition 2. Let f : Dih(a, G) — Dih(5,G) be a
= (0

half-isomorphism. Then f((0,G))
The sketch of proof:
Take v € G such that o(u) > 2.

h(5B,
).

Suppose there exists v € G such that f((0,v)) = (1,).

Giliard Souza dos Anjos Gen. Dihedral A-Loops and its Half-iso.



Our Results

Proposition 2. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. Then f((0,G)) = (0

The sketch of proof:
Take v € G such that o(u) > 2.

h(5B,
).

Suppose there exists v € G such that f((0,v)) = (1,).
=>o(v) =2

Giliard Souza dos Anjos Gen. Dihedral A-Loops and its Half-iso.



Our Results

Proposition 2. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. Then f((0,G)) = (0

The sketch of proof:
Take v € G such that o(u) > 2.

h(5B,
).

Suppose there exists v € G such that f((0,v)) = (1,).

=>o(v) =2 => o(uv) > 2
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Our Results

Proposition 2. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. Then f((0,G)) = (0

The sketch of proof:
Take v € G such that o(u) > 2.

h(5B,
).

Suppose there exists v € G such that f((0,v)) = (1,).

=>o(v) =2 => o(uv) > 2

f((ovu)) = (O)UI) f((ovlw)) = (O,UJ), Ul7w €eG
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Our Results

Proposition 2. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. Then f((0,G)) = (0

The sketch of proof:
Take v € G such that o(u) > 2.

h(5B,
).

Suppose there exists v € G such that f((0,v)) = (1,).

=>o(v) =2 => o(uv) > 2
f((ovu)) = (O)UI) f((ovlw)) = (O,UJ), Ul7w €eG
(0,w) = f((0,uv)) = f((0,u) * (0,v)) € {(1,u~""), (1,v"u)}
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Our Results

Proposition 2. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. Then f((0,G)) = (0

The sketch of proof:
Take v € G such that o(u) > 2.

h(5B,
).

Suppose there exists v € G such that f((0,v)) = (1,).
=>o(v) =2 => o(uv) > 2
f((ovu)) = (O)UI) f((ovlw)) = (O,UJ), Ul7w €eG

(0,w) = f((0,uv)) = f((0,u) x (0,v)) € {(1,u~ "), (1,v'u)}
=> f((0,v)) € (0,G), Vv e G
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Our Results

Proposition 2. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. Then f((0,G)) = (0

The sketch of proof:
Take v € G such that o(u) > 2.

h(5B,
).

Suppose there exists v € G such that f((0,v)) = (1,).
=>o(v) =2 => o(uv) > 2
f((ovu)) = (O)UI) f((ovlw)) = (O,UJ), Ul7w €eG

(0,w) = f((0,uv)) = f((0,u) x (0,v)) € {(1,u~ "), (1,v'u)}
=> f((0,v)) € (0,G), Vv e G

Giliard Souza dos Anjos Gen. Dihedral A-Loops and its Half-iso.



Our Results

Let f: Dih(o, G) — Dih(B,G) be a half-isomorphism. Define
f': G — G by:

(0, f'(u)) = f((0,u))
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Our Results

Let f: Dih(o, G) — Dih(B,G) be a half-isomorphism. Define
f': G — G by:

(0, f'(u)) = f((0,u))

Proposition 3. The function f” defined above is an automorphism

of GG.

Giliard Souza dos Anjos Gen. Dihedral A-Loops and its Half-iso. 11/25



Our Results

Since f((0,v)) € (0,G), Yv € G, we have:
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Our Results

Since f((0,v)) € (0,G), Yv € G, we have:

f((1,e)) = (1,a), for some a € G

Giliard Souza dos Anjos Gen. Dihedral A-Loops and its Half-iso. 12 /25



Our Results

Since f((0,v)) € (0,G), Yv € G, we have:

f((1,e)) = (1,a), for some a € G

Thus:
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Our Results

Since f((0,v)) € (0,G), Yv € G, we have:

f((1,e)) = (1,a), for some a € G

Thus:
f((Lu) = f((L,€) % (0,u))
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Our Results

Since f((0,v)) € (0,G), Yv € G, we have:

f((1,e)) = (1,a), for some a € G

Thus:
fF((Lw) = f((Le) % (0,u)) € {(1,af (w)), (Laf(u"))}
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Our Results

Since f((0,v)) € (0,G), Yv € G, we have:

f((1,e)) = (1,a), for some a € G

Thus:
fF((Lw) = f((Le) % (0,u)) € {(1,af (w)), (Laf(u"))}

Proposition 4. Let f : Dih(a, G) — Dih(,G) be a
half-isomorphism. Then there exists a € G such that for all
u € G, we have:

[, =0
s =4 GH Y ey
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Our Results

Let f': G — G be an automorphism and a € G. Define
f-a, [+a : Dih(a, G) — Dih(B, G) by
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Our Results

Let f': G — G be an automorphism and a € G. Define
f-a, [+a : Dih(a, G) — Dih(B, G) by

0, f'(u)), i=0
Laf'(u™)), i=1
0, f'(u)), =0
Laf'(u), i=1

Since G' does not have period 2, f_, # fiq, for all a € G.

Pt ={ 71
Fualliv) = { |

Giliard Souza dos Anjos Gen. Dihedral A-Loops and its Half-iso.



Our Results

Proposition 5. Let f': G — G be an automorphism and a € G.
Then:
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Our Results

Proposition 5. Let f': G — G be an automorphism and a € G.
Then:

a) If f'a=pf', then f,, is an isomorphism and f_, is an
anti-isomorphism.
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Our Results

Proposition 5. Let f': G — G be an automorphism and a € G.
Then:

a) If f'a = pf', then f,, is an isomorphism and f_, is an
anti-isomorphism.

b) If f'a = Sf'J, then fi,,f_, are non trivial half-isomorphisms,
where J is the inversion map.
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Our Results

Proposition 5. Let f': G — G be an automorphism and a € G.
Then:

a) If f'a = pf', then f,, is an isomorphism and f_, is an
anti-isomorphism.

b) If f'a = Sf'J, then fi,,f_, are non trivial half-isomorphisms,
where J is the inversion map.

Proposition 6. Let f : Dih(a, G) — Dih(5,G) be a
half-isomorphism. If f'a € {Bf', Bf'J}, then
fe{f-a fral a € G}
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Our Results

The next theorem provides the answer of question 4.
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Our Results

The next theorem provides the answer of question 4.

Question 4. What form do these non trivial half-isomorphisms
take?
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Our Results

The next theorem provides the answer of question 4.

Question 4. What form do these non trivial half-isomorphisms
take?

Theorem. The statements are equivalent:
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Our Results

The next theorem provides the answer of question 4.

Question 4. What form do these non trivial half-isomorphisms
take?

Theorem. The statements are equivalent:

a) f: Dih(a,G) — Dih(B,G) is a non trivial half-isomorphism.
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Our Results

The next theorem provides the answer of question 4.

Question 4. What form do these non trivial half-isomorphisms
take?

Theorem. The statements are equivalent:
a) f: Dih(a,G) — Dih(B,G) is a non trivial half-isomorphism.

b) f€{fu, fra] a € G}, with f': G — G automorphism and
fla=pf"J.
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Our Results

The next theorem provides the answer of question 4.

Question 4. What form do these non trivial half-isomorphisms
take?

Theorem. The statements are equivalent:
a) f: Dih(a,G) — Dih(B,G) is a non trivial half-isomorphism.

b) f€{fu, fra] a € G}, with f': G — G automorphism and
fla=pf"J.
The sketch of proof:
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Our Results

The next theorem provides the answer of question 4.

Question 4. What form do these non trivial half-isomorphisms
take?

Theorem. The statements are equivalent:

a) f: Dih(a,G) — Dih(B,G) is a non trivial half-isomorphism.
b) f€{fu, fra] a € G}, with f': G — G automorphism and
fla=pf"J.

The sketch of proof:

(b) => (a) It follows by proposition 5.
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Our Results

(a) => (b)
f((Le) x (1L,0)) = (0, f'a(v))
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Our Results

(a) => (b)

f((Le) x (1L,0)) = (0, f'a(v))

le
f((1€)) - f((L,0)) = (0,Bf'(v))

(
((1,
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nd its Half-iso.

Gen. Dihedral A-Loops ar
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Our Results

(a) => (b)
F((1,) % (1,0)) = (0, f'a(v))
F((Le)) - F(1,v) = (0, BF/(v"))
F((1L,0)) - £((1,€)) = (0, B0~

flaw) e {Bf'(v), Bf (v} (Vv €G)
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Our Results

(a) => (b)
F((1,) % (1,0)) = (0, f'a(v))
F((Le)) - F(1,v) = (0, BF/(v"))
F((1L,0)) - £((1,€)) = (0, B0~

flaw) e {Bf'(v), Bf (v} (Vv €G)

H=1{veG| fal) =)} <G
K={ved| faw) =4fJv} <G
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Our Results

(a) => (b)

F((1,e) % (1,0)) = (0, f'a(v))
f((Le)) - f((L,0)) = (0, 8 (v®))
F((L0) - F((L,€)) = (0, 8 (v™))

flaw) e {Bf'(v), Bf (v} (Vv €G)

H=1{veG| fal) =)} <G
K={ved| faw) =4fJv} <G

=G=HUK
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Our Results

=> G e{H K}

Gen. Dihedral A-Loop:



Our Results

=> G e{H K}
=> fla e {Bf", 51"}
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Our Results

=> G e{H K}
=> fla e {Bf", 51"}

Proposition 6

=> fE {f—aaf+a|a€G}
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Our Results

=> G e{H K}
=> fla e {Bf", 51"}

Proposition 6

=> fE {f—aaf+a|a€G}

Since f is a non trivial half-isomorphism, by Proposition 5 we
have f'a= pf"J.
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Our Results

=> G e{H K}
=> fla e {Bf", 51"}

Proposition 6

=> fE {f—aaf+a|a€G}

Since f is a non trivial half-isomorphism, by Proposition 5 we
have f'a= pf"J.
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Our Results

The next corollary answers question 2.

Question 2. What are the conditions for the existence of a non
trivial half-isomorphism of Dih(a, G) into Dih(3,G)?
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Our Results

The next corollary answers question 2.

Question 2. What are the conditions for the existence of a non
trivial half-isomorphism of Dih(a, G) into Dih(3,G)?

Corollary 1. Let G be a group such that period is not 2. Then
there exists a non trivial half-isomorphism of Dih(a, G) into
Dih(5,G) if, and only if, « is conjugated to J in Aut(G).
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Our Results

The next corollary answers question 3.

Question 3. How many non trivial half-isomorphisms does exist of
Dih(a, G) into Dih(8,G)?
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Our Results

The next corollary answers question 3.

Question 3. How many non trivial half-isomorphisms does exist of
Dih(a, G) into Dih(8,G)?

Corollary 2. Let G be a group such that period is not 2 and «, 3
automorphisms of G such that « is conjugated to S.J. Then there
are 2|G||Cau(e)(ov)| non trivial half-isomorphisms of Dih(a, G)
into Dih(8,G).

Where Cuue () = {¢ € Aut(G) | ap = pa}
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Our Results

If o = Iy, then Dih(l4, G) is the generalized dihedral group. Since
J? = 1,;, we have:
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Our Results

If o = Iy, then Dih(l4, G) is the generalized dihedral group. Since
J? = 1,;, we have:

Corollary 3. Let G be a group such that period is not 2. There

are 2|G||Aut(G)| non trivial half-isomorphisms of Dih(I4, G) into
Dih(J,G).
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Consider G = C3. Then Dih(I4, C3) is the dihedral group of order
6 and Dih(J,C3) is the smallest non associative automorphic loop.

*x11121314]5]6 1112131456
11112314 |5]|6 1111213456
2121311611415 212131161415
313|125 ]614 3131112151614
4141516123 41415161312
5156141312 5/5(614]2[1]3
66415231 6161415131211
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Consider G = C3. Then Dih(I4, C3) is the dihedral group of order
6 and Dih(J,C3) is the smallest non associative automorphic loop.

x| 112134516 11121374576
1{1(2(3[4|5|6 111123145 |6
21213|11]61(415 21213|11]6(41]5
313|1(2|5(|6]4 313111215/ 614
414151611123 41415161132
5156141312 5/5/6(4]2/1|3
616|452 ]3]|1 616|4|513[2]1
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Example

The group C5 = {1, 2,3} has two automorphisms: I; and J.
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The group C5 = {1, 2,3} has two automorphisms: I; and J.

The non trivial half-isomorphisms between Dih(l;, C3) and
Dih(J,Cs5) are:
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The group C5 = {1, 2,3} has two automorphisms: I; and J.
The non trivial half-isomorphisms between Dih(l;, C3) and
Dih(J,Cs5) are:

Lioi=(6) I »=(45) Iy s = (46)
[d+1:[ Id+2:(456) [d+3:(465>
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The group C5 = {1, 2,3} has two automorphisms: I; and J.

The non trivial half-isomorphisms between Dih(l;, C3) and
Dih(J,Cs5) are:

I, 1=(6) Ij_5=(45) Iy 5= (46)
I =1 Iiso=(456) I 3=(4605)
J_1=(23) Jo=(23)(456) J.3=(23)(465)

J1=1(23)(56) Ji2=(23)(45) Jys = (23)(4 6)
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Thank you for your
attention!
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